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PU ! Orhcz type satisfying that Osc<,,,pi- (R") = BMO(R") if r = 1 and OsCe^p^- (R") C BMO(M") if 
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^r^ . 1 Introduction and Main Result 

\l^ ' Denote by S"~^ the unit sphere in M" {n > 2) equipped with the normalized Lebesgue measure 

'nT ■ dx' = da{x'). Let n{x) G i^(S'"~^) be homogeneous function of degree zero in W satisfying 



f7(x')da;' = 0, (1.1) 



. where x' = xl\x\ (x ^ 0). 

^v ' . ED . 

i^^ ' The n-dimensional Marcinkiewicz integral introduced by Stein is defined by 



Vt(x-y) „, , , 2dix^ 



^ Jo J\x-y\<t F ~ V\ 



,3j ' ^e 



A weight will always means a positive locally integrable function. As usual, we denote by Ap (1 < 

p < cxd) the Muckenhoupt weights classes (see [2] and [3] for details). For a weight uj on R". we write 

ll/IU£(K") = (/e-^ \fix)\M^)dxy/P and ujiE) = Jj,u;{x)dx. 

Hi 
In 2004, Ding, Lu and Zhang studied the weighted weak L log L-type estimates for the commutators 

of the Marcinkiewicz integral, which is defined by 

{b{x) ~ b{y)y 'n{x - y) ^, . . '^dt\h 

\x-y\<t V-y\ 

when the kernel 17 satisfies the LipQ,(0 < a < 1) condition, that is, there exists a constant C > such 
that 

|f7(x')-fi(y')l <C|x'-y'|", Vx',2/'e5"-\ (1.2) 

In 2008, Zhang established the weighted weak i(logi)^/''-type estimates for the multilinear com- 
mutators of the Marcinkiewicz integral when uj ^ A\, and il satisfies (jl.ip and (|1.2p . 



,T.m-)-[ 1/ ^^"\;%-r'^ ^^^'^H1?)'' -^^^^^BMO(R"), 



Let n G U'{S'^ '^) (r > 1), the integral modulus of continuity of order r of 51 is defined by 

( / \n{px')-n[x')\''Ax"^ '^ 
\p\<s 



ujr{S) = sup f / \n{px') - n{x')\''Ax'\ 



where p is a rotation in R" with \p\ ~ sup^,gg„-i \px' — x'\. 

We say ?t £ L'"(5""^) (r > 1) satisfies the L''-Dini condition if /^ ujr{S)S^^dS < oo. 
Recently, Zhang also considered the following result. 

Theorem A. '^ Let 6 e BMO(M"), Q e L''(S'"-i) for some r > 1, and cj''' G Ai. If Q satisfies (fTT]) 
and 

' log- do < OO, (1.3) 



then for all A > 0, there has 

co{{x e M" : p7Um^) > A}) < c£^ M(i + iog+ \IMy'u;{y)dy, 
where C is a positive constant independent of / and A. 

In this paper, by applying the calderon-Zygmund decomposition theory, we will study the weighted 
weak LlogL-type estimates for the multilinear commutators generated by pft and OsCp^pL'' (l^") func- 
tions, in analogy with the results established by Perez and Trujillo-Gonzalez in [J for the multilinear 
commutators of Calderon-Zygmund operators. Before stating our results, we first recall some notation. 

Let 771 be a positive integer and b = {bi,b2, ■ ■ ■ ,bm), we define the multilinear commutators p,^ ^ by 



2di\5 



%,E(/)(-) - (/I / ^f^ n (M.) - M»))d.| 

^Jo ''\x-y\<t F ~ 2/1 7=1 

It is easy to see, when m ^ 1, p^^is the commutator of Marcinkiewicz integral and when bi ~ ■ ■ ■ = bm, 
yUj^ g is the higher commutator of Marcinkiewicz integral. 

To state the weak type estimate for the multilinear commutator p^ j;, we need to introduce the 
following notation. As in [7|, given any positive integer m, for all 1 < j < m, we denote by "^J" the 
family of all finite subsets <t = {cr(l), cr(2), • • • , cr(j)} of {1, 2, • • ■ , m} with j different elements. For any 
<T £ '^^™, we define the complementary sequence ct' = {1, 2, • • • , m} \ a. 

In the following, we will always assume that 57 be homogeneous function of degree 0, and let b = 
(fei, ^27 ■ • • J bm) be a finite family of locally integrable functions. For all 1 < j < to and a = {(t(1), cr(2), • • • . 
"■(j)} € '^™, we write for any i-tuple {t-^jT^, ■ ■ ■ ,t^) with t. > 1 for 1 < j < m, l/r^ = 1/t^ + • • • -I- 

1/t-„(,-) and 1/t^, = 1/t- 1/t^, where 1/t = I/t^ H hl/r^, we will denote 6^ = (6^(i), 5^(2), •• • ,&a(j)) 

and the product ba ~ ^cr(i)&o-(2) ■ ■ ■ ba{j)- With this notation, we write 

In particular, we write 

{b{x) - b{y))^ = (6a(i)(a^) - K(i){v)) ' ' ' {K(j){x) - 6a(i)(y)), 
and 

{bs - b{v))^ = {{ba(l))B - ba(i){y)) ■ ■ ■ {{ba{j})B - ba(j)iy)) , 

where B is any ball in M", x,y <E M", and fB = TmJg /(y)dj/ . For any a G "^J", we set 



If cr = {1, 2, •■ • , m}, then a' is an empty set, we understand ^^^ == ^^ - and IJ-^i; , = Mn ■ 
Our result can be stated as follows. 

Theorem 1.1. Let bj G Osc^^p^- ,t^ > 1 (1 < j < m),n e L''(S'"-i) for some r > 1, and w^' e Ai. 
If n satisfies (|l.ip and (|1.3p . then for all A > 0, there has 

^({x e M" : /.,,5(/)(x) >X})<C f M(l + log+ LM)'"^(y)d2;, 

where C is a positive constant independent of / and A. 

Remark 1. Noting that OsCcxpLi = BMO and OsCcxpi^ c BMO for r > 1. For more information 
on Orlicz space see [TO] . 

Obviously, condition (|1.3p is slightly stronger than the L''-Dini condition, but much more weaker than 
the Lipjj condition. Noting that /^„ r coincides with fJ-Q f^ when bj = b for 7 = 1, 2, • • • , m. So, Theorem 
11.11 improves the main results in [5] and |^ . 

Throughout this paper, C denotes a constant that is independent of the main parameters involved but 
whose value may differ from line to line. For any index p £ [1, 00], we denote by p' its conjugate index, 
namely, l/p+ l/p' = 1. For A ^ B, wc mean that there is a constant C > such that G~^B < A < CB. 

2 Preliminaries and Lemmas 

In this section, we will formulate some lemmas and preliminaries. 

Lemma 2.1. Suppose that 0<a<n,r>l and Q, satisfies the L''-Dini condition. If there is a 



constant Cq with < Co < 1/2 such that \y\ < C^K, then 



K<\x\<2K 



n{x~y) n{x) '-^^V/^ ^ ^r^n/r~n+o.f\y\ , f ^r{S) ^ 



y\/(2K)<S<\y\/K 



Lemma 2.2. Suppose Q G U'{S^^ ) for some ?- > 1 and w'' G Ai. Then for any A > 0, there is 
a constant C > independent of / and A, such that 

u:{{x G K" : Mf){x) > A}) < CA-1||/|U^(k„). 

Lemma 2.3. Let cj G Ai, 1 < p < cx), bj G Osc^^p^-j , r > 1 (1 < j < m),fl G i'"(S'""^) for some 
r > 1 and satisfies (|l.ip and (|1.3p . Then, there is a constant C > independent of /, such that 

llMo,fc(/)lli£(K") ^ C'II^IIosc„,p^x||/||l£(K")- 

The idea of the proof of Lemma [^751 comes from the corollary 1.3 in [5]. We omit the details. 

We also need a few facts of Orlicz spaces, see [TU] for more information. 

A function ip : [0, +00) — >■ [0, +cxd) is called a Young function if tp is continuous, convex and increasing 
with (^(0) = and ip{t) — > +cxd as i ^- +cx). We defined the (^-average of a function / over a ball B by 
means of the Luxemburg norm 

ll/lk. = inf{A>0:^/^,(^)d,<l}, 

which satisfies the following inequalities (see [TU], P.69 or formula (7) in [11]) 

11/11^,5 < inf {71 + ^J^ ^{^yy ^ 1} ^ 2||/L,s. (2.1) 



The Young function that we are going to be using is ^^(t) = t(l + log^t)" {a > 0) with its com- 
plementary Young function $a(t) « exp(ti/"). Denote by ||/||L(iogL)°,B = ll/ll<t.„,B and ||/||expii/=,s = 
ll/lli„.s- When a = 1, we simply denote by $(t) = i(l + log+ i) and $(i) « e*, and by ||/||LiogL,s = 
11/11*, B and ||/||oxpL,B = ||/|||, B- ^y ^^^ generalized Holder's inequality (see [H]), we have 



1 



\B\ 



Tj^ / \fiy)9iy)\dy<2\\fhiio^L)^,B\\9\\ 



cxpLi/a,B- 



(2.2) 



As usual, for a locally integrable function / and a ball B, we denote fs ~ JW Ib fiy)'^y- ^ct 
b e BMO(M"), for any ball B and integer k>0, there has (see [1], p. 141) 



|&2'= + iB 



i\ <C{k + l 



(2.3) 



where £B denotes the ^-times concentric expansion of B and ||6||* denotes the BMO norm of b. 
By the John-Nirenberg's inequality, it is not difficult to sec that (c.f. [13], p. 169) 

\\b-bB\UpL,B<C\\b\U. 



(2.4) 



Let Mi(iogL)Q(/)(x) ~ sup^g^ ||/||L(iogL)°,_B- Denote by AI the Hardy-Littlcwood maximal function 
and M'' the fc-timcs iterations of M, then Mi^i^i^^^k w M'''^-^ for k = 0,1,2,- ••. We also need the 
following estimates in the proof of Theorem 11.11 

Lemma 2.4. Let 1 < p < oo, uj'^ £ A\ and _B be a ball. Then for any y £ B and any positive 
integer m, there has 

i- / \b{x)-bBrio'^ix)dxy^'' <C\\b\\Tik + iy^miLo{y), fc = 0,l,2,.-.. 
B\ J2kB ' y^B 

Lemma 2.5. Let 1 < p < oo, cj^ G Ai and i? be a ball. Then for any y £ B and any positive integer 
771, there has 



m 

^J^^^.n^)Yl\b,i.)-ib,)B 



"dxY ''<Cl|6||*(fc + l)™ mioj{y), /e = 0,l,2, 

yen 



Proof. By the Holder's inequality and Lemma [2.4) we obtain 



|2'=S| J^.B 



i,P{x)Y[\b,ix)~ib,)B 



p \ 1/p 
dx 



< 



n 



2''B 



2'=B 



coPix)b,ix)~{b,)B 



Pli 



dx 



in 

< C\{(\\b,\\V{k^\r^\niuj{y) 

^^ \ yeB 

J=l 

< C\\bUk + ir\nioj{y), 

yeB 

where I = -^ + ^ ^ h— . 

71 72 7m 

This completes the proof of Lemma 12.51 

We also need the following notations. For lo G A^ and a ball S, denote by 

1 



D 



lL(iogL)-,i3,c.=inf{A>0: —— / $, 



and 



ll/l 



cxpLi/m,_B,, 



inf I 



A>0: 



L0{B) 



$, 



.(^)-(.)d,<l} 
.(«).(,)d,<l}. 



Similar to i^J^, wc have (c.f. [TU], p.69) 

ll/llL(logL)".,B..«inf{77+^|^<i>™(M)^(2^)dj;}. (2.5) 

By (|2.2p . there also holds the following generalized Holder's inequality 

-7^ / \fl{y) ■ ■ ■ fmiy)9iy)\l^{y)<iy < C\\g\\L(logL)^,B.u,Yl\\fl\\^^pL.B.uj- (2.6) 

^[^) Jb jJ[ 

Furthermore, for any b e BMO(R"), any ball B and any ut £ A^ , there has 

\\b-bB\UpL,B,u.<C\\b\U, (2.7) 

Indeed, by John-Nircnberg's inequality, there exist positive constants Ci and C2, such that 

\{xeB: \b{x) - be] > t}\ < Ci|B|e-^^*/ll''ll*. 
Noting that uj G A^ , from the proof of Theorem 5 in [Tl], there is a 5 > 0, such that 

Lj{{x £ B : \b{x) - bel > t}) < Ciw(B)e-^^**/ll''ll-. 
Similar to the proof of Corollary 7.1.7 in [3] (p. 528), we have 

1 /exp(%^)c.(x)dx<C, (2.8) 



t.iB)Js "V C3II6II 
which implies (|2.7p . 

3 Proof of TheoremlUJ 

Proof. Without loss of generality, we may assume that for j = 1, . . . ,to, ||6j||osc t. (R") = 1- In 
fact, let 

i^^ h 

ll^jllosc r, (B") 

cxp L -I 

for j = 1, . . . , m. The homogeneity tells us that for any A > 0, 

Lo{{x e R" : ^i^^^{.f){x) > A}) = u{{x e R" : Mj,,^(/)(x) > A/||6|1o.c„.,,.(e-.)}) (3.1) 

Noting that ||6j||osc^^ ^.-j («") = ^ ^°'' ^ = l,---,m, if when ||6j||osc^^ ^.-j («") "" ^ U "" ^,---,m), the 
theorem is true. , by (JSHJ and the inequality 

*s(tlt2)<C$,(ii)$,(t2) 

for any s > 0,ti,i2 > 0, we easily obtain that the theorem still holds for any bj e Osc^^ ^^^ (R") {j ~ 
l,...,in). 

For a fixed A, we consider the Calderon-Zygmund decomposition of / at height A and get a sequence 
of balls {Bi}, where Bi is a ball centered at Xi with radius r^, such that \,f{x)\ < CX for a.e. x £ M"\Uii?i 
and 

A < ^ / \f{y)\dy < 2"A. (3.2) 

Moreover, there is an integer A^ > 1, independent of / and A. such that for every point in M" belongs 
to at most N balls in {Bi}. 



We decompose f = g + h, where 



fix), xeW'\U,B,, 

/s,, X e B,. 



Then h{x) = f{x)~g{x) = J^i ^i{^) '^ith hi{x) = if{x)~fBi)XB^ i^)- Obviously, supp hi C B^, J^^ h{y)dy 
and 

|5(x)|<2"A, a.e. xeR". (3.3) 

Noting that if bj''' e Ai then lj e Ai, and then M{u})(x) < Cuj{x) for a.e. x e M". By ([321) and the 
fact that \Bi\^^Ld{Bi) = l-Bij"-'^ Jg w(a;)da; < Cinfygs^ '^(y), we have 

co{B,) < cm inf cjiy) < C\-' f \f{y)\dy inf u^iy) < C\-^ f \f{y)\io{y)dy. (3.4) 

yes. J^^ yeB, Jg^ 

Denote by E = Uj(4Si), it follows from (|X4)) that 

uj{E) < CY, f ^(^)d2; = CY,^iB^) < CA-i||/|Ui(R„). 

Write 

oj{{x G M" : Mj,,5(/)(x) > A}) < cj{{x e R" \ S : Mj,,g(/)(x) > A}) + c.(i?) 

< uiix e R" \ S : A^^ 5(5)(x) > ^}) + ^({x e R" \ i? : M^,g(/i)(x) > ^}) + c.(ii;) 

</l+/2 + CA-l||/|U=^(K„). 

We consider /i first. For oj'" e Ai there has cu E Ai. Noting that Ai C Ag {s > 1), then for any 
p > r' , we have u! G Ap/^'. It follows from Lemma [2.31 p.3p and (|3.4p that 

/i < CA-P / (^i^^ig){x)YLj{x)dx < CX-P [ \g{x)\Pu;{x)dx < CA"^ / \g{x)\uj{x)dx 

<CX^^( \g{x)\Lo{x)dx + \g{x)\uj{x)dx 

^jR"\UiBi "'UiSi 



(3.5) 



<CA-M/llLi(B 

<CA-i|/|U^(„ 



<CA-il/lli 



<CX-'( f \fix)\Lo{x)dx + y2 f |/B.k(a;)d; 
<CX-'\fhuR-)+CX-'J2j {\B^r' j l/(2/)|dy)c.(a;)dx 

j JSi ^ J Bi 

CA-1^ I |/(y)|dy m|c.(y) 

< C*^" l/IUi,(K")- 

We remark that the proof of p.Sp implies the following fact, which will be used later. 

Y^j |/Bjc.(a;)d.T<q|/|Ui(R„). (3.6) 

. J Bi 



Now, let us estimate /2. By the definition of fi^ and /i„ r, witli tlie aid of the formula 






we have 



^^nbWi^) 



»(x - y)hiy) ^ ^ / 



bB,-b{y)] dy 



^dt\h 



< 






2dt\^ 
t3" 



f}(x-y)/i(y) 



rn — 1 






2dt\^ 



rn— 1 



2d<\i 



t3 



i 3 = 1 I j=l aeV"^ 



i j=l 

So, we can write I2 as 



X 



7^1 — 1 , 

+ u;[{xeR-\E:Y,Y. E |(^W " ^i^.).|Mo(/i.K - 6),,)(a;) > -}) 

i 3 = 1 ae'^p 

m , 

,[{xeW^\E:^,n{Y^ h. [] ((&.)b, ^ b,)){x) > -}) 



(3.7) 



' i i=i 

= ^21 + I22 + .^23- 

For /21; using chebychev's inequality and Minkowski's inequality, we have 

A- 



i j=l 

< CA-1 V / TT |6,(x) - (6,)b. //n(/i.)(:r)c^(x)dx 



•\4B. ,-^ 



-a;i|+2ri 



n{x-y)hi{y) 



-v\<t \x-y\ 



]— dy 



2di 



a;(a;)dx 



(3.8) 



CX 



j Jm"\4:Bi ,-^' ^J\x-Xi\+2ri J\x-y ' ~ 



c-v\<t F y\ 



2dt\5 



1 a;(a;)da 



^211 + 1: 



212- 



For a; £ M" \ 45^ and y G S^, there has Ix — y| < |x — Xij + r; and |.t — y| ^ ja: — x^j ~ |x — x^j + 2ri, 
and then 

»|:.-:r.|+2r. Jt 1 / 1 1 X Cr, 



\x-y\ t^ 2V|x-y|2 {\x-x,\ + 2n)V - \x-y\ 



< 



Noting that supp/i^ C Bi, it follows from the Minkowski's inequality that 



„ m 






s. F-y| 



2--y 



t3 



|»(x-;/)||fe,(y)| ^ X 

|^_^|„+i/2 dyj^(x)dx 






|f^(^-y)r.da;^'^'^ 



(3.9) 



A2'-s. |a;-2/|"+i/2 



w'-'(a;) 



i^nr^(^)"(^^)^= 



l/r' 

da; ) ) dy 



2'' + i- Bi\2''Bi \x " y| ^.^-^ 

Noting that 2''~^ri < [x - ?/| < 2''+^ri whenever y £ Bi and a; e 2''+^i3i \ 2''i?i, we have 



2'=+iBA2'=-B, |a:-?;|"+i/ 

2"+^ 



i^(x-y)r^xv.^ 



ii7(.-y)r xiA 



2fc-i,.i<|x-y|<2'= + 2r, |a;-2/|"+l/2 



<( /^^_^^ p"-^(|^_^_^^g|)fd.')dp)'^^<C(2V0--||17|U.(5.-i). 



2'=-ir. 



(3.10) 



And noting that cj^' G Ai and ||&7Hbmo ^ C^H^jHosc t. for r, > 1 (1 < j < ?7i), by the Holder's 

cxp L J -^ 

inequaUty, Minkowski's inequaUty, the properties of BMO(M'^) functions and Lemma [231 we have 

r' ^ 1/r' 

dx 



r' ( \ m 

I ^ r;i/2 n h^-(^) - fe>. 

< C(2^-+V,)-("+^)/'^' ( / c.'-'(x) n \h,{,x) - (6,)b, 



d.T 



(3.11) 



< 



/ 19^+1 R I /■ I 



dx 



1/r' 



<C(2''>0"^(fc + l)" inf uj{y). 
yeBi 



This, together with (|3J)) and (|3TT0)) . gives 

/2ii<q|f7|U.(S"-)A-^Er,^/' / |/i.(2/)|(^(fc + l)™(2'=r,)-^)o.(y)dy 

i "'^' fc=i 



(3.12) 



Next, let us consider /2i2- Write K{x^ y, xA = _ ,„„! — , _ .^'J ^ for simplicity. Noting that for any 

|a; y I \x xi | 

y £ Bi, any a; G R" \ 45^ and t with |x — a;^! + 2ri < i, there has |x — y| < |a: — a^^j + r; < t, then by the 



cancellation condition of hi, we have 

/" ""i //" / f°° dt\~ 

I212<CX-'J2 / Y[\bii^)~ib,)B, / \Kix,y,x,)\My)\( / -rd2/)c.(a;)dx 



\K{x,y,Xi)\\hi{y)\ 



My)\Y,{2'^r,)-U \K{x,y,x.)\l[\b 



d2/)w(a;)dx 



ij(a::) - (6j)b, a;(a;)dx)dy 



By the Holder's inequality, Lemma [2. II and Lemma [2.51 there has 



\K{x,y,Xi)\ TT \bj{x) - {bj)B, uj{x)da 



<( / \K{x,y,x,)rdx 

/2'= + iB,\2'=-Bi 



1/r 



2'' + ^Bi\2^'Bi :^ 



l[\b,ix)-{b,)B/u;^'ix)d 



1/r' 





c^,(5) 


./irT'i 


(5 



<C(fc + ir2Vj2-^+ / " " =:^d,5) inf w(y). 

2fc+l 



Therefore, 



/212 < CX-' E / l^^'l?/)!^!?/) E(^ + 1)"(2"' + /ZT ^d<5)dy 

i •'^i fe=l -^afc + ir- 



<CX-'Y.J^ My)Hy){Y.i>^ + iy"2'' + l ^(logi)"d^)dy 



(3.13) 



<CA-i^ / My)\io{y)dy. 

Note that hi{y) = f{y) + Jb, when y G S^, it follows from dSH), (jM]), (|3J2l) and (|3?T3| that 

/2i < CX-'Y. f My)\u;{y)dy<CX-'Y. [ (\f(y)\ + \fB.\My)'^y<C^''\\fhliR^)■ 
^ JB. , Jb, 

To estimate I23, noting that il e L'"(iS'""^) for some r > 1 and w*" e Ai, using Lemma [2.21 p.6p . 
2Jl) . Lemma [231 (ESJ and (fOI . we have 



/oQ < a; 



({x e M" : Mo(E ^' n ((^^>. - ^^))(^) > el) 

i j=l 

~ m 

< CA-W ^|/i,(x)Kx)ni(&.)B.-6,(a.)|da; 

. m . m 

m 

I j = l 

+^^"'E^/ l/(y)|dy/ ^x)n|(6,)B, -&,(.T)|dx 
j l-c>i| Jb, Jb, .^^ 



< CA-i5ZHsOII/llL(iogL)".,i3..c.+ / |/(y)|dy inf c.(y) 

^ jBi y^^i 



< CA-i^(^i?,)mf{A + -A_|^ <i,,„(M)^y)dy}+|^ |/(y)My)dy 

< CJ2 {^(B^) + ^ <i>,„(^)a.(y)dy) + CA-i ^^ |/(y)|c.(y)dy 






< c 



1^(^)1 ^l + log+») .(y)dz/. 



Now, let us turn to estimate for l22- Using the Minkowski's inequality, we have 

m — 1 ■• 



'\4Bi 



^^^-'T.T. E 

, j=i cre"^;" 

?7l — 1 

<cx-'j2T. E 

|2di\5 



x(&B, -fo(y))^,dy| — j'w(x)da; 



(&(x) -bs,)^ m{hi{bB, - 6)^,)(a;)a;(a;)dx 



x—Xi \~\-2ri 



x-y\<t \x — y 



n-1 



711 — 1 

2di\5 



(K-^)-KO. 



|2;-2:i|+2ri 



n{x-y)h,{y) 



x-v\<t F — j/r 



&s. - fc(2/)),,dy -) "u;{x)dx = CX'^ ^(/22i + 1222)- 



For /221 and /222, similar to the estimates for I21 and I23, we can get 



,=1 rrpr™ "'K"\4B. ^iSi F~y| ' ^ 



<C 



{uj{B,)m{x + 



X 



^{B.) Jb, 



$ri 



\.f{y)\ 



{\lSp.y{y)dy] + \J{y)\^{y)dy) 



m—1 „ „ 

/222<C^ 5: / \{b{x)^bBX\{ 

._i -^«.™ JR"\4Bi ^J£ 



<c 



A 



1/^(0;, y,a;i)II/ii(y)| 



(&s. -6(2/))^,dy)a;(x-)da; 



('w(Si)inf |a + 



^{Bi) Jb, ^ ^ 



l/(2/)l 



{y)dy}+J \f{y)\u;{y)dy 



Thus, we have 



/22<CA-i^(c.(i?,)inf{A + -A_|^ <i,,„(M)^y)d2y}+|^ |/(y)My)dy 



-■^i "'B> 
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From (j3.7p and the above estimates for /21, I22 and l2z, we have 

This finishes the proof of Theorem 11.11 D 
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